The impact force on an elbow induced by traveling isolated liquid slugs in a horizontal pipeline is studied. A literature review reveals that the force on the elbow is mainly due to momentum transfer in changing the fluid flow direction around the elbow. Therefore, to accurately calculate the magnitude and duration of the impact force, the slug arrival velocity at the elbow needs to be well predicted. The hydrodynamic behavior of the slug passing through the elbow needs to be properly modeled too. A combination of 1D and 2D models is used in this paper to analyze this problem. The 1D model is used to predict the slug motion in the horizontal pipeline. With the obtained slug arrival velocity, slug length and driving air pressure as initial conditions, the 2D Euler equations are solved by the smoothed particle hydrodynamics (SPH) method to analyze the slug dynamics at the elbow. The 2D SPH solution matches experimental data and clearly demonstrates the occurrence of flow separation at the elbow, which is a typical effect of high Reynolds flows. Using the obtained flow contraction coefficient, an improved 1D model with nonlinear elbow resistance is proposed and solved by SPH. The 1D SPH results show the best fit with experimental data obtained so far. For gas-liquid flow in a horizontal pipe different steady flow regimes have been classified [1] . Among these flow regimes the slug flow has been thoroughly investigated because of its violent behavior. Much of the work published on slug flow is related to power plants and oil recovery industries. Dukler and his co-workers proposed theoretical models to predict the development of the slug flow [2], the slug frequency [3], flow regime transition [4, 5] and the minimum stable slug length [6] . A review on the modeling of slug flow can be found in [7] . Pressure surges and impact forces are unavoidable when the liquid slug encounters obstructions such as valves, bends and branches. For a water slug emerging from the end of a horizontal pipe and impacting on a vertical plate, Sakaguchi et al. [8] measured and modeled the generated force. The dynamics of a slug in nearly horizontal pipes [9], a vertical pipe with a bend [10] and an 'S' shaped riser [11] was measured and modeled. In these studies, the slug was assumed to be continuous (coherent liquid column of finite length) and steady.
dimensionless dispersion distance f a Darcy-Weisbach friction factor (air) f s Darcy-Weisbach friction factor (water slug) F dynamic force (N) h smoothing length (m) i, j particle index I s axial impulse (N·s) K e minor loss coefficient at elbow L distance from slug tail to bend (m) L 0 initial slug length (m) L e elbow length (m) L se length of slug when arriving at elbow (m) L tank pipe length from tank exit to slug tail (m) m j mass of particle j (kg) p dry dry perimeter of conduit cross-section (air) (m) P a driving air pressure (psig) P e pressure at elbow (psig) P f ront air pressure at slug front (psig) P tail air pressure at slug tail (psig) P taile air pressure at slug tail when front arrives at elbow (psig) P tank tank pressure (psig artificial viscosity (m 2 /s) FSI fluid-structure interaction HPC high-performance computing HVI high-velocity impact MOC method of characteristics ODE ordinary differential equation PDE partial differential equation SGP slug generator pipe SPH smoothed particle hydrodynamics 1 Introduction 
Laboratory tests
Fenton and Griffith (1990). As said, Fenton and Griffith [13] investigated the forces experienced by a pipe bend, when a trapped upstream liquid slug was cleared by a high pressure gas flow. The experimental test rig is shown in Fig. 1 . The 2.44 m long pipe with inner diameter of 25 mm was slightly inclined upward and could be filled with water in its lower section, so that liquid slugs with different lengths were obtained. An elbow open to the atmosphere was placed at the end of the pipe. When the ball valve was suddenly opened, the trapped water was forced to move rapidly and hit the elbow. To reduce the effect of structural vibration on the measured impact forces, the elbow was not rigidly fixed to the pipe, but fixed to a support behind it, on which a strain gauge force transducer was installed. Thus, the axial impact forces at the elbow were measured when the slug passed through it. The experiments were varied by changing the initial volume of the entrapped water, the distance of the trapped water to the bend and the driving air pressure in the vessel (414, 552 and 690 kPa). The estimated arrival velocity of the slug at the elbow was varying from 18 to 23 m/s. It was found that the force on the bend was mainly due to quasi-steady momentum transfer in changing the fluid flow direction around the bend. The waterhammer phenomenon was not observed. For slugs that travelled six or more times their initial length, the dispersion was so much that the magnitude of the forces experienced by the bend dramatically dropped.
Neumann (1991). Neumann [17] investigated the forces on a pipe bend resulting from clearing a pool of liquid and the effect of different pipe diameters in a setup similar to that of Fenton and Griffith (see Fig. 1 ). The difference was that the initial trapped water column was replaced by a water pool of varying depth. It was found that the generated forces were insignificant as long as a transition from stratified flow to slug flow did not occur, which was the case when the liquid-air ratio in the pipe was less than 20%. When the transition indeed occurred, it was assumed that, no matter how shallow the pool, the water was concentrated as a slug, the length of which was the water volume divided by the pipe cross-sectional area. The estimated slug impact velocity varied from 17 to 36 m/s. To characterize the slug hydrodynamics, a dimensionless length D * = L/L 0 , referred to as dispersion distance, was used, where L 0 is the initial slug length and L is the distance measured from the tail of the slug to the bend. It was found that for D * ≈ 5 the force at the bend was greatly reduced, which is consistent with the findings in [13] . When D * > 6 the force was negligibly small. When the 1.0 inch pipe connected to the bend (see Fig. 1 ) was reduced to 0.75 inch, the experimental results did not change much.
Bozkus (1991). The experimental setup of Bozkus [14] is depicted in Fig. 2 and consists of a 9.45 m long and 50 mm diameter PVC pipe with a ball valve upstream and a 90 o elbow downstream. Upstream of the valve there was a pipe section. Its length could be changed to set up water slugs of various lengths. The piping was mounted on seven columns, which in turn were attached rigidly to the concrete floor of the laboratory; in addition, the pipe was rigidly attached to the vessel supplying pressurized air. As a result of the extensive anchoring, the pipe was considered to be rigid and fully constrained from any significant axial motion induced by the slug impact [18] . When the valve was suddenly opened, the slug accelerated due to the pressurized air behind it, hit the elbow and escaped vertically into the atmosphere. Two pressure transducers were installed at the elbow to record the pressure history (see Fig. 2 ). Slugs with lengths ranging from 1.22 to 3.35 m were propelled into the pipe under air pressures ranging from 69 to 275 kPa.
The peak pressures measured at the elbow varied significantly (largely scattered data) per experimental run, even though nearly identical initial and boundary conditions were imposed. Thus, each test run was repeated 8-10 times. Bozkus attributed the large scattering of the data to the hand-operated valve, because different opening manoeuvres might have affected the slug dynamics. Comparing Figs. 1 and 2, the differences between the two test rigs, such as pipe material, diameter, inclination angle, force measurement, etc., are evident. In addition, the elbow in Fig. 2 was rigidly connected to the pipe.
The estimated arrival velocity of the slug at the elbow varied from 15 to 30 m/s. Consistent measurements were obtained with the two pressure transducers and two general trends were observed. For relatively short slugs (L 0 = 1.22 and 1.52 m), the response exhibited a single peak followed by a rapid pressure decay. The effect of air entrainment was so large that the relatively short slugs had practically broken up before reaching the elbow. For relatively long slugs (L 0 = 2.13, 2.74 and 3.35 m), a double-peaked response was observed. The double-peak phenomenon was correlated to the arrival of two lumps of liquid -instead of one -at the elbow (see Fig. 3 ), because the single slug had broken up due to a short-lived waterhammer caused by the very rapid valve opening.
Owen and Hussein (1994) . The test rig of Owen and Hussein [12] is shown in Fig. 4 . Upstream of the valve is a pressure source and downstream is an isolated slug of water being propelled into an empty pipe (D = 50 mm) and impinging on an orifice with an inner diameter d ranging from 25 to 35.4 mm. Air, with pressures up to 11 bar and of ambient temperature, was used as the driving gas. The volume of the air reservoir was sufficiently large for the air pressure drop to be less than 3% in each test. This is different from Bozkus' experiment [14] , where a noticeable drop of the driving air pressure occurred. A butterfly valve was located between the reservoir and the steel pipe to enable the rapid air expulsion. The water slug was held between the closed valve and a thin polythene sheet sandwiched between flanges downstream of the valve. By using two different pipes (0.99 and 2.16 m long) to hold the slug, it was possible to obtain three different slug lengths (L 0 = 0.99, 2.16 and 3.15 m), whilst maintaining the overall length of the rig constant at 13.0 m. To measure the slug velocity at the orifice plate, two conductivity probes were situated 0.215 m apart. To measure the impact force at the orifice plate, a pressure transducer was located close to its upstream face. To propel the slug down the pipe, the valve was opened quickly by hand so that the sudden rise in pressure forced the water through the polythene sheet.
Comparing with the test rig of Bozkus [14] (see Fig. 2 ), the biggest advantage of this experiment is that the velocity of the slug arriving at the impact target (orifice plate) was measured. As shown later, the slug velocity is the most important ingredient in determining the impact force at the target. Another major advantage is the elimination of the valve hand opening effect. In addition, the driving air pressure used in [12] had a much larger range than that used in [14] .
To confirm the repeatability of the experiment, a number of valve openings were carried out and no significant difference in the slug velocity was detected. This means that no dependence on the hand-operated valve maneuver was observed, whilst Bozkus attributed his largely scattered data to it [14, 18] . This suggests that the measurements in [12] might be more accurate and reliable than those in [14] . To test whether the orifice plate had an effect on the slug motion towards it, slug velocities with and without the orifice plate were measured. No distinguishable differences between the velocity measurements were observed. This suggests that the air being compressed between the orifice plate and the slug has little effect on the velocity of the slug as it approaches the plate. This is consistent with the conclusion by Martino et al. [20] that when the orifice ratio d/D (d being the orifice diameter and D the pipe diameter) is larger than 0.2, the presence of the orifice will not affect the impact velocity of the slug.
For the tests with the 2.16 and 3.15 m long slugs, the traces recorded from the conductivity probes showed a step-change as the front of the slug passed by. For the 0.99 m long slug, however, the recorded trace was extremely erratic, indicating that the slug had broken up. This was confirmed by the trace from the pressure transducer, which showed a much lower impact pressure. This observation is consistent with that in [13, 14, 17, 18] . The measured arrival velocities were varying from 32 to 58 m/s for the 2.16 m long slug, and from 27 to 42 m/s for the 3.15 m long slug. The measured peak pressures were presented in [12] but, unfortunately, the pressure traces were absent. This reduces the usefulness of the experimental data for model validation.
Bozkus et al. (2004).
As indicated by Bozkus and Wiggert [18] , the pipe diameter used in [13] was relatively small compared with the pipe diameters in real piping systems. The weakness of the experimental setup in [14] was the manual operation of the valve which might have affected the slug dynamics. To avoid these disadvantages, a new experimental setup with the same configuration as that of Fenton and Griffith in Fig. 1 was built. The main differences were that the diameter of the steel pipe was 100 mm instead of 25 mm and that the elbow was rigidly connected to the pipe. As in [13] , the disadvantage was the use of an inclined pipe for slug initialization. The slanted shape of the slug front with respect to the pipe cross-section increases air entrainment in the slug body, especially for short slugs [11, 16, 21] . Under different driving air pressures (2, 3, 4 and 5 bar), slugs with four initial lengths, L 0 = 3, 4, 5 and 6 m, were fired. The arrival velocity of the slug at the elbow was not measured, but the estimated values varied from 15 to 30 m/s. In accordance with D * = L/L 0 being less than 5 for all the slugs (i.e. long slugs), no evident breaking up was observed. Moreover, double-peak phenomena as in [14] were absent.
Slug velocity and impact force at the elbow
When a liquid slug passes through an elbow, dynamic forces will be imparted on it. To predict the force one needs to know the dynamic behavior of the slug, such as the evolution of its pressure and velocity. In [13, 17] the generated axial impact force at the 90 o elbow is estimated by
where ρ s is the liquid slug density, V se the slug velocity at the elbow and A the upstream pipe cross-sectional area. Formula (1) is derived from a control volume (CV) around the elbow [22] and has been used to calculate the average pressure (F/A) at a bend [10, 11] or on a vertical plate [8] . For steady slug flows, the velocity range is relatively low (0.1 to 5 m/s [1] ), so that the generated impact pressure is small (less than 0.25 bar) and no damage is to be expected [8, 10, 11] . This is the reason why we stated above that steady slugs are not important for us. The impact force depends quadratically on the slug arrival velocity at the elbow. For the calculation of the slug velocity different propagation models have been proposed [12-14, 16, 18] . They are briefly reviewed below. In [13, 17] the slug was assumed to instantaneously accelerate to the "normal velocity" of the driving gas. The force formula (1) underestimated the measured peak force in the worst case by a factor 2.5 for D * = L/L 0 < 4 and largely overestimated it for D * > 5.
The analytical study of Bozkus [14] followed the advanced model in [13] . The mass loss due to shearing and gravity effects as the slug moves along the pipe was taken into account. For short slugs, the calculated peak pressures were much higher (about 2 times) than the experimental observations. For medium and long slugs, the calculations reasonably matched the experimental peaks, but the trace of the simulated pressure was largely different from the measurements. In [16] the mass loss from the main slug was neglected and the computed impact pressures underestimated the measured peaks.
A quasi two-dimensional model was developed in [15] , taking air entrainment into account. The water slug was modeled as a number of concentric cylinders sliding through each other. Since the inner cylinders moved faster than the outer ones, air penetrated into the core of the slug tail and the outer liquid cylinders were considered as holdup. At the elbow, the concentric cylinders kept on sliding along each other. This model was applied to the experiment of Bozkus [18] and the experimental peaks were largely underestimated. The predicted pressure traces at the elbow were not in agreement with the measurements. The advantage of the model is that it takes air entrainment into account. The disadvantages concern two aspects. First, since gravity was not considered, the computed flow was symmetric. This is inconsistent with the experimental observation in [14] , which is similar to what is shown in Fig. 5 . Second, the effect of the laminar boundary layer was so large that the arrival velocity of the slug at the elbow was dramatically underestimated.
Recently, Kayhan [21] developed a new model in which the holdup coefficient was not constant as in [14] , but a coordinate-dependent function fitted to experimental data. To predict the impact force at the elbow, the effect of the vertical outlet branch was taken into account. Based on many assumptions and complicated 3D coordinate transformations, a 1D numerical approach along a curved line was established. The calculated dynamic forces at the elbow were compared with experiments [14] and numerical calculations of previous researchers [15, 18] . The new method predicted the peak pressures with higher accuracy than the previous methods [14, 15] . Although the pressure traces also improved, they still largely disagreed with the measurements. The contribution of this new model is that it takes the 3D effect of the elbow flow into account. However, the model is based on a fully developed quasi-steady flow without separation at the elbow, which seems unrealistic.
The model of Owen and Hussein [12] is different from the aforementioned models in many ways. First, instead of numerically solving the gas dynamics equations, the driving air pressure upstream of the slug was directly obtained from a gas expansion formula. Second, the effect of air ahead of the slug was considered, the pressure of which was given by a gas compression formula. Third, the change of the tank pressure was neglected, because the volume of the tank was sufficiently large to prevent a drop in pressure. Fourth, the mass loss (holdup) of the slug during motion was neglected. As stated by Owen and Hussein [12] : "It was appreciated that as the slug moves through the pipe, it is shedding liquid behind it. However, the area of the slug upon which the gas is acting will still be that of the pipe cross-section, and the total mass of the liquid being accelerated is that of the whole slug." The calculated velocities for the 2.16 and 3.15 m slugs (those not breaking up) showed good agreement with the experimental velocities.
Slug dynamics in a horizontal line
The mathematical model for slug motion in a horizontal line developed by Bozkus [14] and used in [16, 18, 19, 21] is briefly revisited. This model is used in this paper to determine the conditions of the slug prior to impact at the elbow.
Slug motion in an empty pipe
A moving liquid slug that loses mass at its tail is sketched in Fig. 5 . In developing the model the following assumptions were made [14] :
The 1D slug is incompressible and has a planar vertical front. The rigid pipe is fixed in space, hence fluid-structure interaction (FSI) is negligible. The pressure ahead of the liquid front is atmospheric. Gas (air) entrainment into the liquid (water) does not occur, (i.e. no mixture). The shear resistance is assumed to be that of a quasi-steady flow. The moving slug loses its mass at a constant rate due to shearing and gravity effects. The mass loss is referred to as "holdup" in steady slug flows [2, [4] [5] [6] and is accounted for in the equations by a holdup coefficient denoted by β (0 ≤ β ≤ 0.05).
Applying the Reynolds transport theorem to the moving and shortening control volume shown in Fig. 5 , the following governing equations were derived in [14] :
where β = A 3 /A 2 is the holdup coefficient, f s is the Darcy-Weisbach friction factor, P tail is the air pressure driving the slug (gauge), P f ront = 0 (gauge), V s = front velocity and (1 − β)x s = t 0 V s dt is the position of the advancing slug tail (see Fig. 5 ). Integrating Eqn. (3) gives the following dimensionless formula
which predicts the slug length L se when it arrives at the elbow, and L pipe is the distance from the slug front at its initial position to the elbow. When β << 1, we can further get L se ≈ L 0 − βL pipe . For β a fixed value as in [18] or a functional value (depending on the instantaneous slug length) as in [19, 23] can be used. The use of a functional holdup coefficient may result in a more accurate solution, but we take β = 5% constant herein. The initial conditions are V s (0) = 0, L(0) = L 0 and x s (0) = 0.
Driving air pressure
For the air pressure driving the slug, P tail in Eqn.
(2), one can directly take measured values if available and ignore the gas dynamics involved. However, when gas acoustics is considered, the following differential equations for one-dimensional, unsteady, nonuniform flow of an isothermal compressible gas were used in [14] :
where the subscript 'a' stands for air, c a = √ RT is the isothermal speed of sound with R the universal gas constant and T the gas temperature in Kelvin; p dry is the dry (air) perimeter of the cross-section. Take the initial position of the slug tail as the origin of the axial coordinate. The initial conditions are
and the boundary conditions are
where L tank is the distance from the tank to the slug tail at t = 0. The method of characteristics (MOC) was applied to solve the above gas dynamics equations [14, 18, 21] . The boundary conditions at the slug tail couple the gas equations (6) -(8) to the liquid equations (2) and (3). Note that x s depends on time. The MOC is employed herein as in [18] to solve the Eqns. (6) - (8) .
The 1D model presented in Section 3 ( §3.1 and §3.2) is used to obtain the velocity with which the slug arrives at the elbow. The arrival time t se , slug velocity V se , slug length L se , and driving air pressure P taile , are then used as initial conditions for the analysis of the slug dynamics at the elbow. The model for the slug motion after arrival at the elbow is developed in the next section.
Slug dynamics at the elbow
From the literature on flow separation at bends [24] [25] [26] [27] , we realized that the assumption made in [14, 16, 18 ] that the leaving slug occupies the full cross-section of the outlet pipe is not entirely realistic. For high Reynolds flow passing a bend, flow separation easily takes place. This has been verified theoretically [24] [25] [26] , experimentally [24] and numerically [27] . The passing of a liquid slug through an elbow is a three-dimensional flow which perhaps can be predicted through solving the full Navier-Stokes equations. Such solutions can be quite difficult to obtain because of air entrainment, turbulence and because the separation surface (3D) is not known in advance. Therefore, for the sake of simplicity, we emphasize a two-dimensional solution herein to obtain the contraction coefficient representing flow separation, with which the elbow "resistance" can be properly characterized, and such that the dynamic pressure at the elbow can be obtained with a one-dimensional model. The third dimension of course plays a role in the determination of the contraction coefficient, but for now we have neglected its effect.
If the slug velocity is high and the impact duration is short, gravity and viscosity can be neglected. The impact duration is taken as the time from the slug arriving at the elbow to the instant when the pressure has decreased to tank pressure. The inviscid two-dimensional flow is governed by the Euler equations with an unknown free streamline (free surface starting at the separation point). To solve the governing equations, the smoothed particle hydrodynamics (SPH) method briefly reviewed below is applied. This method is briefly reviewed below.
Smoothed particle hydrodynamics (SPH) method
The SPH method is a meshless, Lagrangian, particle method that uses an approximation technique to calculate field variables like velocity, pressure, position, etc. In SPH the governing partial differential equations (PDEs) for fluid dynamics are directly transformed into ordinary differential equations (ODEs) by constructing their integral forms with a kernel function and its gradient. Unlike traditional mesh-based methods, such as FDM, FVM and FEM, the SPH method uses a set of particles without predefined connectivity to represent a continuum system and thus it is easy to handle problems with complex geometries. It does not suffer from mesh distortion and refinement problems that limit the usage of traditional methods for large deformation problems and hydrodynamic problems with free surfaces and moving boundaries. As a Lagrangian method, SPH naturally tracks material history information due to movement of the particles, and hence the dedicated surface tracking techniques encountered in traditional mesh-based methods are not needed. It is an ideal alternative for attacking fluid dynamics problems with free surfaces. It has the strong ability to incorporate complex physics into the SPH formulations. Due to the irregularity caused by particle movement, the accuracy of SPH is only first order, which is less than the traditional methods. To compensate the truncated kernel support at boundaries, the enforcement of boundary conditions needs special attention. SPH is generally more time consuming than conventional methods and parallel computation techniques are needed when many particles are used.
Since the invention of SPH in 1977, astrophysical gas flows have been one of the early fields of application [28] [29] [30] . Today it is used to model the evolution of the universe with the help of high performance computing (HPC). At the beginning of the 1990s, SPH was used to model high velocity impact (HVI) problems of solids [31] and incompressible free-surface flows [32] . Now SPH is used to simulate a vast range of fluid dynamic problems as shown in the recent reviews [33, 34] . However, there is not much published work on SPH applied to pipe flows, which are generally treated as 1D problems. For 1D flows, SPH has not much advantage over traditional mesh-based methods. The most studied case is the shock tube [28, 29, 35] . Lastiwka et al. [36] used SPH for 1D compressible nozzle flows. Recently, it was successfully employed to model rapid pipe filling [27] and water hammer [37] . The SPH simulations of the 2D jet impinging on an inclined wall [38, 39] have close relationship with the problem considered herein.
SPH fluid dynamics
For mass density ρ, velocity vector v, position vector r and pressure p, the Euler equations in discrete SPH form read [32, 39] :
where subscripts i and j denote particle i and its neighbors j, v i j := v i − v j , r i j := r i − r j , W i j := W (r i j , h) is the cubic-spline kernel and ∇ i W i j is the gradient of the kernel taken with respect to the position of particle i. The smoothing length h is a size scale of the kernel support and determines the degree to which a particle interacts with its neighbors. The term Π i j represents artificial viscosity of the general form
in which α is a constant [32] , c 0 is the speed of sound, ρ 0 is a reference density, r i j := |r i j | andρ i j := (ρ i + ρ j )/2. The term Π i j produces a shear and a bulk viscosity to suppress numerical oscillations at sharp wave fronts. The constant α is problem dependent. Its range for problems with shocks is 0.5 ≤ α ≤ 1 [28, 29, 35] and 0.01 ≤ α ≤ 0.3 for free-surface flows [32, 38] . As shown by Molteni and Colagrossi [38] , for free surface flows the SPH solution is not sensitive to the value of α and α = 0.1 is commonly used. Here we take α = 0.1 as in [27] . There are four different kinds of boundary conditions for the problem considered herein. The free surface experiences zero pressure and its movement is tracked implicitly in SPH. The image particle method is applied to treat the inflow and outflow boundaries. The mirror particle method is used to impose the free-slip wall boundary condition (see Section 3.4.8 in [39] for details). The Euler forward method is used in Eqns. (11) for time marching. The temporal and spatial discretization are dynamically linked to satisfy stability constraints related to the speed of sound and the convective velocity of the flow [39] . Starting from an initial particle distribution (r i ), with given masses m i (remaining constant), densities ρ i , pressures p i and velocities v i , each particle marches in time according to Eqn. (11).
1D fluid dynamics with flow separation
In analogy with the 2D SPH solution, the 1D slug movement after impacting the elbow is obtained herein by solving the 1D case of Eqn. (11) with constant density and liquid elasticity, which in effect are waterhammer equations in SPH form as used in rapid pipe filling [40] . The upstream boundary condition is calculated from the gas dynamics model described in Section 3.2 or directly obtained from the experimental gas pressure measurements. To include the effect of flow separation, a new downstream boundary condition has to be derived, for which the control volume sketched in Fig. 6 is utilized.
Applying the unsteady Bernoulli equation between inlet 1 and outlet 2, we have
where K e is the coefficient of minor loss at the elbow, which for steady flow varies from 0.7 to 0.9 [22, 41] , and L e is a length scale representing the elbow arc between sections 1 and 2. The last term is an estimate of the inertia involved. To satisfy mass conservation, the outlet flow velocity is
where C c is the contraction coefficient due to flow separation. With P e2 = 0 at the open end, and neglecting the inertia term in Eqn. (13) , one obtains
This is the nonlinear downstream boundary condition (at cross section 1 upstream of the bend in Fig. 6 ) for the SPH waterhammer equations modeling (1D) the moving liquid slug. Alternatively, in the rigid-column model, i.e. Eqn.
(2), P f ront is replaced by P e1 when the slug reaches the elbow. This is in contrast with precious 1D models where P f ront = 0 all the time. To include possible acoustic effects, the elastic model governed by waterhammer equations is preferred and used herein. The term 1/C 2 c is the leading term in Eqn. (15) , because K e will be close to zero for a quasi-steady contracting flow.
Reaction force and impulse at elbow
With A 1 = A, A 2 = AC c and P e1 according to Eqn. (15) , the reaction force in x-direction is
and with P e2 = 0 the reaction force in y-direction is
Based on the obtained pressure history, the axial impulse of the slug at the elbow can be determined by computing the product of the area under the pressure time curve and the pipe cross-sectional area [13, 14] , i.e.
where P e (t) is the pressure history at the elbow, and the integral limits t 1 and t 2 are the arrival time at the elbow of the slug front and tail. To accurately calculate the impulse, not only the peak pressure, but also the duration of the impact plays an important role.
Results and discussion
The experiment of Bozkus [14] (see Fig. 2 ) is simulated in this section. The short slugs are not important for us, because they break up and give relatively small impact forces [12] [13] [14] 17] . We focus on the medium and long slugs. The speed of sound in the liquid is c 0 = 440 m/s, which was determined from spectral analysis of the pressure history recorded by the transducer installed at the SGP (slug generator pipe, see Fig. 2 ) [14] . The slug density is ρ s = 1000 kg/m 3 , f s = 0.02 and f a = 0.003 as in [18] .
2D SPH simulations
The 2D SPH setup for the case of L 0 = 2.74 m and P 0 = P tank (0) = 138 kPa (20 psi, gauge) is shown in Fig. 7a . The curved outer wall is modeled by three straight sections as shown in Fig. 7b . The initial particle distribution is hexahedral (see Fig. 7b ) with particle spacing d 0 = 0.0058 m and the smoothing length is h = 1.33d 0 . The time step is ∆t = 0.2d 0 /c 0 . The simulation is stopped when all particles have left the computational domain. There is no viscosity and no holdup at the slug tail (β = 0). The upstream boundary condition is the measured pressure at the slug arrival time [14] and remains constant. The initial slug velocity is 22.4 m/s and its length reduced to L se = 2.2 m according to Eqn. (4) .
The pressure history of the slug impact at point C is shown in Fig. 8 . The calculated arrival time at the elbow has been shifted to that of the experiment (the same holds for the 1D solutions). The 2D SPH solution has a similar trend as the experiment, but suffers from "pressure noise". The pressure noise or spurious oscillation (also seen in other 2D simulations) is due to a numerical artifact, which is a notorious drawback of SPH that has drawn wide attention. After numerical smoothing, the trend of the pressure is comparable with that of the experiment. The fully automated "smoothn" scheme, a smoothing procedure for uniformly sampled datasets (see [42] for the details), has been used. The lower measured pressure magnitude may be attributed to the 3D circular elbow (Fig. 3  herein) instead of the modeled 2D rectangular miter bend (see Fig. 7b ), the unmodeled slanted water front, the neglected holdup, and the disregarded turbulence. As the difference with 3D experiment is less than ten percent, these unmodeled physical features are relatively unimportant and can be ignored for the sake of simplicity.
Flow fields at two early times are shown in Fig. 9 . Indeed, quasi-steady flow separation has been established after only 0.015 seconds. That is about one seventh of the duration of the slug impact. This confirms that the 1D model with flow separation developed in Section 4.3 is a step in the right direction. The contraction coefficient C c obtained from the 2D SPH simulations is 0.51, which is close to the theoretical value of 0.5255 for steady flow around a rectangular 2D miter bend [24] .
1D SPH simulations
In the 1D SPH (elastic) model, the downstream boundary condition is given by Eqn. (15) with flow contraction coefficient C c = 0.51 and head loss coefficient K e = 0.9. Again the upstream boundary condition is the measured pressure at the slug arrival time [14] , which is held constant. In the numerical setup, the initial particle spacing is d 0 = 0.01 m, the smoothing length is h = 1.2d 0 and the time step is ∆t = d 0 /c 0 . The simulation is terminated when all fluid particles are expelled out of the 9.45 m long pipe. For an initial slug length L 0 = 2.74 m and initial tank pressure P 0 = 138 kPa (20 psig), the obtained pressure P e1 in Eqn. (15) , with the velocity V se1 averaged over all particles in the weakly compressible 1D slug, is shown in Fig. 10 , together with numerical solutions from other models. The improved 1D solution is also presented in Fig. 8 for comparison with the 2D solution. Although the double-peak behavior, which is an experimental artefact (see below for details), is not captured, the maximum pressure is well predicted. The simulated trend has good agreement with the measurements after 0.015 s when the separated flow is quasi-steady. The difference in the initial 0.015 seconds is mainly due to the complex flow behavior (two lumps and water-air mixture) at the slug front [14] , see Fig. 3 . The overall trend predicted in [14, 15, 18] contradicted the experimental observations. In Fig. 8 the 1D SPH solution without the head loss (K e = 0) is also shown. The peaks are the same because K e comes into effect after slug arrival at the elbow. Positive K e values only reduce the velocity of the slug. For clarity, the 1D pressures shown in Fig. 8 are equal to (1/C 2 c − 1)ρ s V 2 se1 /2. The overall trend shifts upward to some extent (K e = 0) and has better agreement with the non-viscous 2D SPH solution.
In the simulations of Bozkus [14, 16, 18] , the velocity V se before and after impact is calculated under the assumption P f ront = 0 (gauge) and the pressure at the elbow is estimated by
where P a is the driving pressure on the back face (tail) of the slug. The slug velocity V se after impact is calculated without considering flow separation and head loss. Then, under driving air pressure and with decreasing mass, the slug passes the elbow with temporal acceleration and hence increasing velocity. This is inconsistent with the decreasing pressure that was measured. In the present model after impact, pressure P f ront = P e1 given by Eqn. (15) acts as a nonlinear "resistance" that reduces the slug velocity and hence the dynamic force and pressure.
Before going further to other cases, let us have a look at the double peak phenomenon observed in the experiments of Bozkus [14] . Those double peaks should not have occurred in the first place. As pointed out by Bozkus himself in [16] : "The experimental setup of Bozkus in 1991 had a weakness since the slugs were put into motion by opening a fast acting ball valve located just downstream of the slug. The location of the valve may have affected the slug dynamics to some degree since the valve was opened by hand and it was not exactly in the same manner in each run". As result of that, he indicated that for longer slugs, the slug separated into two pieces, moving as two slugs in the pipe. Figure 3 shows the flow pattern observed by a camera in the studies of Bozkus [14] , subsequent to the slug break-up. The two lumps impinged on the elbow one after another and thus generated the double peaks. He attributed this phenomenon to a short-lived water hammer taking place across the slug body, Bozkus [14, 16, 18] . He also recommended that future experiments be designed using a valve located upstream of the liquid slug to eliminate the valve effect. The main purpose of his new experimental setup in 2004 [16] was to avoid "that human interference" in starting the motion of the slug, and hence the two-peak phenomenon. There were indeed no double peaks in his new experimental results. In addition, double-peak phenomena did not occur in the experiments of Fenton and Griffith [13] and Neumann [17] . In conclusion, the double-peak phenomenon observed for the longer slugs in the experiments of Bozkus [14] is a result of the influence of the ball valve location and the manner in which it was opened.
For a range of slugs with different initial lengths and at different driving air pressures, the 1D SPH results are shown in Fig. 11 together with the measurements [14] and numerical solutions from other researchers [14, 15, 18, 19] . For most of the cases, similar conclusions as drawn above for the case of L 0 = 2.74 m and P 0 = 20 psig hold. The 1D SPH results with the flow contraction coefficient obtained from 2D SPH simulations agree reasonably well with the experiments. The present model not only predicts the maximum pressure well as shown in Fig. 11 , but also gives an accurate prediction of the duration and decreasing trend. As defined by Eqn. (18) , the impulse is represented by the area under the pressure history curve. Therefore, the numerically predicted impulses by the present model agree very well with the experimental results. The finding in [13] that the force on the bend is mainly due to quasi-steady momentum transfer in changing the fluid flow direction around the bend is confirmed. The exceptions are mainly for relatively low driving air pressure (10 psig) as shown in Fig. 11d . It is attributed to the more stratified slug (larger holdup at tail) due to the lower driving pressure and lower slug velocity. It can also be related to the large data scattering in the experiments (the peak pressures and hence the impulse measured at the elbow varied significantly as mentioned in [18] ). The decreasing pressure trend was predicted in [19] , but the pressure peak magnitude was underestimated to a large extent. The pressure at the end of the impact was largely overestimated too.
Conclusions and recommendations
The dynamic force due to traveling isolated slugs in a horizontal pipeline ending with an open elbow is investigated through 1D and 2D SPH simulations. The generated pressure at the elbow is mainly due to change in flow direction. To accurately predict the dynamic force, flow separation at the elbow (2D/3D effect) has to be taken into account. With the flow contraction coefficient obtained from a 2D SPH solution, the pressure upstream of the elbow is derived from a control-volume approach and used as the downstream boundary condition in the 1D SPH elastic model. Two essential features of slug impact, i.e. the pressure magnitude and the impact duration, have been well predicted by both the 1D and 2D models. With a properly modeled elbow "resistance" due to flow separation, the improved 1D model is recommended for practical use because it is simple and sufficiently accurate. Fig. 11 . Pressure history at the elbow. Comparison between experiments [14] (solid line with circles) and numerical predictions by Bozkus and Wiggert [18] (solid line with squares), Yang and Wiggert [15] (solid line with diamonds), Kayhan and Bozkus [19] (solid line with triangles) and present 1D SPH (solid line). 
PREVIOUS PUBLICATIONS IN THIS SERIES:

